A Hájek-Rényi-type maximal inequality is established for multidimensional arrays of random elements. Using this result, we establish some strong laws of large numbers for multidimensional arrays. We also provide some characterizations of Banach spaces.
Introduction and Preliminaries
Throughout this paper, the symbol C will denote a generic positive constant which is not necessarily the same one in each appearance. Let d be a positive integer, the set of all nonnegative integer d-dimensional lattice points will be denoted by AE d 0 , and the set of all positive integer d-dimensional lattice points will be denoted by AE d . We will write 1, m, n, and n 1 for points 1, 1, . . . , 1 , m 1 , m 2 , . . . , m d , n 1 , n 2 , . . . , n d , and n 1 1, n 2 1, . . . , n d 1 , respectively. The notation m n or n m means that m i n i for all i 1, 2, . . . , d, the limit n → ∞ is interpreted as n i → ∞ for all i 1, 2, . . . , d this limit is equivalent to min{n 1 , n 2 , . . . , n d } → ∞ , and we define |n| 
This implies that
Δb n b
Therefore,
On the other hand, we can show that under the assumption that {b n , n ∈ AE d } is an array of positive real numbers satisfying 1.5 , it is not possible to guarantee that 1.6 holds for details, see Example 2.8 in the next section .
Thus, if {b n , n ∈ AE d } is a positive, nondecreasing d-sequence of product type, then it is an array of positive real numbers satisfying 1.5 , but the reverse is not true.
In this paper, we use the hypothesis that {b n , n ∈ AE d } is an array of positive real numbers satisfying 1.5 and continue to study the problem of finding the sufficient condition for the strong law of large numbers 1.2 . We also establish a Hájek-Rényi-type maximal inequality for multidimensional arrays of random elements and some maximal moment inequalities for arrays of dependent random elements.
The paper is organized as follows. In the rest of this section, we recall some definitions and present some lemmas. Section 2 is devoted to our main results and their proofs.
Let Ω, F, È be a probability space. A family {F n , n ∈ AE d 0 } of nondecreasing sub-σ-algebras of F related to the partial order on AE d 0 is said to be a stochastic basic.
Let {F n , n ∈ AE d 0 } be a stochastic basic such that F n {∅, Ω} if |n| 0, let E be a real separable Banach space, let B E be the σ-algebra of all Borel sets in E, and let {X n , n ∈ AE d } be an array of random elements such that X n is F n /B E -measurable for all n ∈ AE d . Then {X n , F n , n ∈ AE d } is said to be an adapted array.
0 for all n ∈ AE d and for all i 1, 2, . . . , d. In Quang and Huan 5 , the authors showed that the set of all martingale difference arrays is really larger than the set of all arrays of independent mean zero random elements.
A Banach space E is said to be p-uniformly smooth 1 p 2 if
A Banach space E is said to be p-smoothable if there exists an equivalent norm under which E is p-uniformly smooth. Pisier 6 proved that a real separable Banach space E is p-smoothable 1 p 2 if and only if there exists a positive constant C such that for every
In Quang and Huan 5 , this inequality was used to define p-uniformly smooth Banach spaces. Let {Y j , j 1} be a sequence of independent identically distributed random variables
Let 1 p 2. Then, E is said to be of Rademacher type p if there exists a positive constant C such that 
Proof. For every ε > 0, there exists a point n 0 ∈ AE d such that
Therefore, for all n n 0 ,
It means that
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On the other hand, since b n → ∞ as n → ∞,
Combining the above arguments, this completes the proof of Lemma 1.1.
The proof of the next lemma is very simple and is therefore omitted. 
Proof. For each i 1, we have
Then, È A 0 and for all ω / ∈ A, for any i 1, there exists a point l ∈ AE d such that X k ω < 1/i for all k l. It means that
The proof is completed. 
1.23 
Main Results
È max m k n 1 b k 1 l k X l ε C p,d ε p max 1 k n 1 l k X l b l b m p .
2.1
Proof. Since {b n , n ∈ AE d } is a nondecreasing array of positive real numbers,
2.2
For
Then, by interchanging the order of summation, we obtain the following
Thus, since Δr t 0,
By 2.2 and 2.5 and the Markov inequality, we have
2.6
This completes the proof of the theorem. Now, we use Theorem 2.1 to prove a strong law of large numbers for multidimensional arrays of random elements. This result is inspired by Theorem 3.2 of Klesov et al. 4 .
be an array of positive real numbers satisfying 1.5 and b n → ∞ as n → ∞, and let {X n , n ∈ AE d } be an array of random elements in a real separable Banach space such that for any points m n,
Then, the condition
Proof. By 2.7 and Theorem 2.1, for any ε > 0 and for any points m n, we have
This implies, by letting n → ∞, that 
iii 
2.13
iv For every martingale difference array {X n , F n , n ∈ AE d }, for every array of positive real numbers {b n , n ∈ AE d } satisfying 1.5 and b n → ∞ as n → ∞, the condition
Proof. i ⇒ ii : We easily obtain 2.12 in the case p 1. Now, we consider the case 1 < p 2. 
2.16
Then,
2.17
Therefore, 
2.18
It means that {Y k D , F
2.19
We set
